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ABSTRACT
Spatiotemporal data refers to data collected across both space and time [1]. The use of spatiotemporal data is rapidly gaining popularity in various fields, including regional economics, regional science, geography, sociology, demography, and medical science—especially epidemiology (Alghamdi et al. 2021; Cai et al. 2012). Spatiotemporal modeling includes mapping and prediction. In this paper, we focus on spatiotemporal prediction.
 Spatiotemporal data exhibits spatial dependence and temporal correlation [2]. Given both features, spatiotemporal forecasting offers advantages over pure temporal or pure spatial forecasting, especially out-of-sample forecasting [3]. 
Using geostatistical models integrating regression and interpolation techniques, high-resolution spatiotemporal forecasting for spatial units at a lower spatial level than the observation units is rapidly developing in many fields [4]. There are two main data challenges to high-resolution spatiotemporal forecasting: the occurrence of missing observations [4], and the big N problem [5].
Missing spatiotemporal observations are due to technical limitations in data collection or equipment failure [6]. Missing observations tend to have serious consequences for  spatiotemporal forecasting because of  over- or under-prediction and loss of predictive power [7]. Hence, adequate handling of missing observations is crucial for accurate prediction. 
Correction methods for missing spatiotemporal observations must consider the nature of the missing mechanism [6]. Three types of missing observations are distinguished: missing completely at random (MCAR), missing at random (MAR), and missing not at random (MNAR) [8]. In the case of MCAR the missing observations are independent of both observed and unobserved values. For MAR the probability of a missing  observation is related to  the observed data [9] implying that it can be imputed from observed values [10]. In the case of MNAR the probability that an observation is missing is related to observed and unobserved values  [9]. Acording to [11]  in almost all cases, missing data are neither MCAR nor MNAR.
Various imputation methods for missing data have been proposed. They can be roughly classified into three categories [12]: prediction-based methods, statistical learning methods, and interpolation-based methods. The first category imputes missing observations using historical data and  techniques such as multiple regression models [13], Autoregressive Integrated Moving Average (ARIMA) models [14], Artifical Neural Network (ANN) algorithms [15]  or heuristic algorithms. Statistical learning approaches impute missing values that fit probability distributions, such as probabilistic Principal Component Analysis (PPCA) [16] or Markov Chain Monte Carlo Models [17]. Interpolation-based methods impute missing observations by considering the average or weighted average of neighboring non-missing observations [12]. 
The "big N problem" involves managing a great number of spatial observations. It arises when a large number of grid points is used for high-resolution forecasting leading to computational challenges and increased memory usage [18] [19]. Computational challenges associated with the big N problem have been tackled through the introduction of statistical methods such as subsampling, spectral techniques, likelihood and covariance function approximations, process convolutions, and Gaussian Markov random fields (GMRFs) [20]. Note that no single method suits all types of big N scenarios, and challenges may still arise even when the assumptions underlying a particular methodology are entirely fulfilled [19]. 
The application of GMRFs  is a versatile approach combining imputation  missing observations and high resolution prediction. It imputes missing observations by leveraging neighboring observations of the missing observations and  makes predictions using geostatistical regression models involving fixed effects and spatial and temporal random effects [21]. A GMRF is  part of a Bayesian hierarchical model fitting into the Integrated Nested Laplace Approximation (INLA) methodology which is a viable alternative to Markov Chain Monte Carlo (MCMC) approximation [22]. 
The primary goal of this research is to develop a GMRF based methodology for high-resolution spatiotemporal forecasting based on data with missing observations. The proposed methodology will be applied to provide detailed predictions of daily PM2.5 concentrations in Jakarta Province , Indonesia. Rapid industrialization and urbanization have resulted in the emergence of air pollution in Jakarta Province as a major societal issue. The paper is organized as follows: In Section 2, we introduce the notion of a GMRF, the Bayesian inference and prediction framework and INLA. Then, in Section 3, we present the application of the methodology to high-resolution forecasting of PM2.5 in JakartaProvince. Section 4 presents the conclusion of the study.

Methods adopted
Studi Area
The Jakarta Province has a total area of 662.3 square kilometers and a population of 10,582,229 people, resulting in a population density of 15,978 people per square kilometer. The Jakarta  population comprises 3.89% of the nation's total population and contributes 16.3 percent to the Indonesian Gross Domestic Product (GDP) [23]. The location serves as a hub for transportation and information exchange, catering to the needs of the local population and facilitating the efficient movement of goods throughout Indonesia. 
The Spatiotemporal Gaussian Markov Random Field (GMRF)
Model specification and INLA
Let  represent the realization of the univariate the space-time process where represents the latitude and longitude coordinates for location  (and  denotes time . A common model for air pollution reads as follows ( [24] [25] [26] ):
	 
	(1)


with   the overall intercept denoting the average concentration of PM2.5 across space and time.  is the vector of  covariates for site  at time  with coefficient vector .  (Note that covariates may exhibit spatial variation only, temporal variation only or spatiotemporal variation. The covariates can be rendered spatially dependent by linking them to a spatially varying process denoted as  [26]. In this paper, however, here we will use a fixed  for all sites and times.)   is the Gaussian field (GF) representing the spatiotemporal autocorrelation process accounting for the true unobserved pollution process and   is the space-time Gaussian white noise process following the  distribution. The nugget effect , characterizes the variability in data points at closely spaced locations in the space-time Gaussian white noise process [26].
For the fixed effect, we assume that each of the  , , …, follows a vague Gaussian prior with zero mean and large variance, that is .  GF  is a first order autoregressive process (AR1) with spatially correlated innovations . This type of model is frequently employed in the air pollution modeling literature due to its versatility in capturing the influence of pertinent external factors, as well as its ability to account for temporal and spatial dependencies  [27] [24]. The model is given by: 
	
	(2)


for , for every i,   is the autoregressive parameters, and   follows the stationary distribution , with   is the marginal variance of the GF. The first-order autoregressive model  captures the influence of past values, especially when there is a strong autocorrelation between consecutive time points at a given location. If the initial model fails to adequately describe temporal dependence, additional autoregressive terms may be considered. However, the additional terms may lose significance when other variables, notably covariates, are introduced [26]. For simplicity, this paper will solely focus on the first-order autoregressive process.  The spatially correlated innovations   address the spatial autocorrelation within the point process. The spatially correlated innovations are assumed to exhibit temporal independence and follow a Gaussian distribution with a zero mean, and spatiotemporal covariance function [24]: 
	
	(3)


where  denotes the purely spatial correlation function depending on the locations  and  through the Euclidean distance .  A Matérn correlation function is commonly taken for  [24]:
	
	(4)


where  is the Bessel function of the second kind of order . The parameter  controls the level of spatial smoothness. Estimating  can be challenging, and is therefore often set to a predetermined value, notably  [22].  is the scaling parameter associated with the range  which is the distance at which spatial correlation starts decreasing significantly. According to [18] , where  corresponds to the distance at which the spatial correlation is approximately 0.10 for each value of . Note that temporal independency simplifies the computation process by limiting working with covariance matrices of size , as opposed to the more cumbersome  matrices. 
For estimation purposes, we collect all the observations at time  into a vector . For equations (1) and (2) this gives:
	
	

	
	(5)


where  is the vector one of dimension ,   the identity matrix of dimension ,   and   with  the stationary  AR(1) process  with  the n dimensional Matérn correlation function in (4).  
Model (5) is used for interpolation purposes across a large number of grid points to generate high-resolution maps which may give rise to the big N problem because of the factorization of the correlation matrix  [18]. Several techniques have been suggested to ease the computational challenges associated with the big N problem. Among these techniques, the Stochastic Partial Differential Equation (SPDE) approach has received significant attention in recent years. The SPDE approach represents a continuous GF as a discretely indexed Gaussian Markov Random Field (GMRF)  [18]. From a computational perspective, GMRFs are more efficient than GFs because they rely on sparse matrices [28]. Furthermore, the SPDE representation enables fitting GRFs in a Bayesian hierarchical framework using the Integrated Nested Laplace Approximation (INLA) approach, as proposed by [28].  We only present a summary of the INLA-SPDE approach so the reader can follow the estimations and calculations. For details we refer to  [24, 18] and the references therein. 
The INLA-SPDE approach is as follows [29]. For each time   with the same Matérn covariance for all the observations is specified as an SPDE as follows
	
	(6)


where  is the Laplacian operator,   controls the smoothness of the GF, and  is Gaussian spatiotemporal white noise with unit variance. As mentioned above,  is usually fixed at 1 [30] so that (9) reduces to 
	
	(7)


The SPDE method approximates a GF as  a GMRF characterized by a local neighbourhood and a sparse precision matrix . It employs a Finite Element approach defining  as a linear combination of basis functions  on a triangulated representation of the domain . It involves subdividing  into a collection of non-overlapping triangles,  meet at most at a shared edge or corner.  The initial triangles have vertices positioned at locations , and additional vertices are added as needed to create a suitable triangulation for the spatial prediction purpose at hand. With the  triangulated framework in place, the representation of   can be expressed in terms of basis functions as follows [24]: 
	
	(8)


where  represents the number of vertices within the triangulation,  denotes a piecewise linear basis function which is assigned a value 1 at vertex  and a value  at all other vertices, and   is a Gaussian distributed variate with mean 0 and sparse precision matrix .  To finalize the Bayesian model specifications we define the hyperprior distributions for the standard deviation , the spatial autoregressive parameter , the temporal autocorrelation parameter  and the range . For  a large value is typically selected, e.g.   allowing the intercept to take on a wide range of possible values, rendering the model flexible. For the other hyperparameters, we apply penalized complexity (PC) hyperpriors [31]. This hyperprior is typically used to avoid overfitting problems [31]. PC hyperpriors for standard deviations are defined through  where  is a quantile of the hyperprior and represents the probability value. 

Main findings
The accelerated growth of industrialization and urbanization has resulted in heightened levels of atmospheric contaminants, leading to the occurrence of significant air pollution. The significant emission of particulate matter into the surrounding atmosphere has had detrimental impacts on the overall well-being and health of individuals. Hence, it is crucial to acquire accurate evaluations of air pollutant concentrations in order to effectively address the resulting risks to public health. Nevertheless, the limited number of monitoring sites frequently results in inadequate coverage of spatial and temporal variations in PM2.5 levels. Hence, the task of accurately evaluating the health effects, especially for future time periods, presents a formidable challenge. The ability to forecast PM2.5 concentrations in a spatio-temporal manner at an appropriate resolution is of great importance, as it can offer valuable data support. However, the task of high-resolution forecasting presents notable computational difficulties. This study utilized data gathered from 13 air quality stations to construct a spatial-temporal model consisting of two phases. The model was developed by incorporating geographic and meteorological covariates. The generated model provided estimates of daily PM2.5 concentrations for a grid measuring 100 × 100, with a spatial resolution of 0.5 km, covering the entire study area. During the initial stage, predictions were generated for the forthcoming 31 days in January 2023 utilizing a multivariate time series methodology, under the assumption of a relatively consistent temporal pattern across all stations. The forecast included a temporal trend component that was modeled using a second-order random walk (RW2) and a seasonal component. During the subsequent phase, a comprehensive mapping exercise was undertaken, encompassing various factors such as geographical elevation, population concentration, and rainfall patterns at the grid level. The verification results demonstrate that these estimates possess both accuracy and the ability to capture variations in PM2.5 concentrations. During the second phase of the study, the researchers utilized a spatial-temporal modeling approach to calculate point estimates. This approach took into consideration both the temporal and spatial dependencies present in the observed values. The study employed the INLA-SPDE model, a spatial Bayesian methodology, which integrated first-order autoregressive dynamics and Matern covariance functions to capture both temporal and spatial dependencies. The results of the modeling analysis demonstrate noteworthy associations between geographical and meteorological factors and the levels of PM2.5 concentrations. The study revealed that there is a positive correlation between population density and PM2.5 concentrations, whereas altitude and rainfall demonstrated negative correlations with PM2.5 levels. This study highlights the effectiveness of the INLA-SPDE method in estimating PM2.5 levels and the integration of covariates as a predictive approach. The availability of real-time air quality monitoring data and observed meteorological conditions suggests that the INLA-SPDE method has the capability to simulate and forecast PM2.5 concentrations in real-time at a regional level.  
 
Conclusions
In this article, we present a hierarchical Bayesian spatio-temporal model for estimating daily PM2.5 concentrations. Our model employs a two-stage approach, with the first stage predicting PM2.5 concentrations across all thirteen observation stations in a multivariate fashion while simultaneously addressing missing data. In the second phase, we use the forecasted data to generate a high-resolution map of the province of DKI Jakarta. This two-stage methodology was developed as a solution to the high computational requirements of high-resolution forecasting. In addition, our model can evaluate the effect of predictors on spatiotemporal variations in PM2.5 concentrations. This would result in a highly complex model with substantial computational costs in a one-stage modeling scenario. Our research indicates that altitude and population density have the greatest impact on PM2.5 concentrations in Jakarta. Despite exhibiting a negative correlation, precipitation has a weaker effect than the two variables listed above. The primary output of our model is a continuous PM2.5 map with a 0.5 km  0.5  km resolution that we can estimate daily. This map is supplemented by uncertainty metrics such as the interquartile range's relative width. These high-resolution maps are an indispensable resource for local air quality management, aiding in the development and monitoring of programs and initiatives aimed at improving air quality. We believe that our modeling approach, which is characterized by its simplicity in formulation and implementation, provides a valid solution to a difficult problem with significant implications for environmental preservation and human health. Despite the computational complexity inherent to our analysis as a result of the large dataset consisting of approximately 13 monitoring stations and a spatio-temporal network of approximately 10,000 cells, we effectively manage this complexity by employing the INLA-SPDE method for model estimation and prediction. The results of cross-validation indicate that the predictive performance of the model is robust across nearly all concentration levels.
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